We compute the index for orbifold quiver gauge theories. We compare it with the results obtained from the type IIB supergravity (superstring) on AdS 5 × S 5 /Γ.
Introduction
The concept of the index in four dimensional super conformal field theories (SCFTs) compactified on S 3 × R was introduced in [1, 2] . While the index is defined in a similar way to the usual Witten index [3] on R 4 (or rather T 3 × R), it contains much richer information about the SCFT because not only vacuum states but also all the short multiplets of the SCFT will contribute. Therefore the study on the index is important in order to understand the structure of four dimensional SCFTs and their classifications. In particular, it will lead to a nontrivial check of the AdS-CFT correspondence (see [4] and references therein).
The (twisted) Witten index for N = 1 SCFT on S 3 × R [1, 2] is defined as
where E is the energy (or conformal dimension via conformal mapping from S 3 × R to R 4 ) and j 1 , j 2 denote the spin quantum number corresponding to the rotation around S 3 whose isometry is SU(2) 1 × SU(2) 2 . The regularizing factor ∆ is given by the anti-commutator of a specific supercharge 2 ∆ = 2{Q
which should be positive definite from the unitarity. Here we denote r as the U(1) R symmetry of the N = 1 superconformal algebra SU(2, 2|1) [5, 6] . This index has several important properties:
• Only contribution to the index comes from the states with ∆ = 0, or short multiplets of the superconformal algebra. As an immediate consequence, the index does not depend on β.
• It does not depend on the continuous parameter of the theory such as the coupling constants. It is also invariant under any (marginal) deformation of the SCFT unless it breaks the superconformal invariance.
• The index (1.1) is unique in the sense that all the information of possible indices protected from the superconformal algebra alone is encoded in (1.1) (see [2] ).
In this paper, we study the quiver gauge theories 3 that are obtained when we place N D-branes at the origin of the orbifold C 3 /Γ [8] . If Γ ⊂ SU(2), the resulting theory possesses N = 2 supersymmetry and if Γ ⊂ SU(3), it possesses N = 1 supersymmetry. The orbifold quiver SCFTs have a fixed line of coupling constants expected from the Leigh-Strasslerlike argument [9] , (one of) which corresponds to the dilaton expectation value in the AdS dual. Through this fixed line, the SCFTs are continuously connected to free gauge theories by a marginal deformation. Since the index does not depend on such deformations, we can compute the index in the free gauge theory limit, which simplifies the practical computation. 2 We use the notation of † as the BPZ conjugation in the radial quantization scheme: if we go back to R 4 by conformal mapping, the BPZ conjugation of the SUSY transformation is given by the superconformal transformation: Q † α = S α . 3 See [7] for an earlier study on the array of gauge theories.
On the other hand, the orbifold quiver gauge theory has an AdS-CFT dual description defined as the type IIB superstring theory on AdS 5 × S 5 /Γ [10, 11] . Therefore, if the AdS-CFT correspondence is correct, we can compute the index also from the weakly coupled supergravity on AdS 5 × S 5 /Γ in the large 't Hooft coupling limit. 4 In order to verify this, we compute the index independently from the supergravity side in this paper and compare the results with the gauge side. In some orbifold theories, we further need to introduce contributions from the twisted sector of the string theory. We will see that the origin of the apparent difference between the gauge theory computation and the supergravity computation (in the untwisted sector) indeed results from the twisted sector.
The organization of the paper is as follows. In section 2, we compute the index for orbifold quiver gauge theories in the free gauge coupling limit. In section 3, we compute the same index in the large coupling limit by using the AdS-CFT correspondence, and compare the two results. In section 4, we present our conclusion and some future outlook.
Index for quiver gauge theories
In this paper, we study the index for N = 1 or N = 2 orbifold quiver gauge theories compactified on S 3 × R. We restrict ourselves to a class of simple orbifold action Γ =
in SU(2) corresponding to N = 2 gauge theories, and
with m 1 + m 2 + m 3 = 0 (mod k) in SU(3) corresponding to N = 1 gauge theories. We label the latter orbifold as (m 1 , m 2 , m 3 ). If we put N D-branes at the origin of the orbifold C 3 /Γ, the effective gauge theory living on such branes are described by the quiver gauge theories.
The N = 1 orbifold quiver gauge theory is the U(N) k gauge theory with hypermultiplets in the bifundamental representations transforming as
with the usual N = 2 superpotential terms. The N = 1 orbifold quiver gauge theory is the U(N) k gauge theory with the following chiral multiplets
4 In the following, we always take the large N limit. Table 1 : List of the letters contributing to the index (hence ∆ = 0). Adjoint chiral multiplets Φ only appear in N = 2 orbifold as an N = 2 vector multiplet.
together with the superpotential
At the tree level, we take h = g Y M descended from the parent N = 4 SYM theory.
To compute the index
for orbifold quiver gauge theories, we can take the free coupling limit g Y M , h → 0 because the index does not depend on them. Then, the computation becomes drastically simplified by using the matrix model technique introduced by [12, 13] in order to compute the partition function (including the index) of free gauge theories compactified on S 3 × R.
In the N = 1 quiver gauge theories, the building block of the letter partition functions (with ∆ = 0) are summarized in table 1. The vector multiplet transforms as an adjoint representation, and the chiral multiplet transforms as a bifundamental representation. Now by utilizing the results obtained in [12, 13] the index can be computed as the following matrix integral over the holonomy (unitary) matrix U
where χ ij (U) is the character for each single letter index f ij (t, y). Explicitly, for the adjoint representation we have χ ii (U) = TrU i TrU † i (with no summation over i), and for the bifundamental representation we have χ ij (U) = TrU i TrU † j . For example, let us consider the Z 3 orbifold quiver gauge theory [10] Integration over the unitary matrices U i can be easily performed in the large N limit, where we introduce the eigenvalue distribution ρ i (θ) with π −π ρ i (θ)dθ = 2π. In the low temperature limit (t → 0), the saddle point of the large N matrix integral is given by the constant distribution ρ i (θ) = 1. Then the integration over the unitary matrices is reduced to Gaussian integral over Fourier modes of ρ(θ) = n ρ n e inθ around the trivial saddle point (ρ 0 = 1, ρ n =0 = 0). Performing the Gaussian integral over ρ n , we obtain the final result for general Z k ⊂ SU(3) orbifold with a label (m 1 , m 2 , m 3 ):
where l i = k/gcd(k, m i ). In this computation, we encounter the determinant of a circulant matrix such as
in the case of Z 3 ⊂ SU(3). Such computation can be systematically performed by using the formula for the circulant determinant presented in Appendix A. Similarly, for Z k ⊂ SU(2) orbifold case, we obtain the result as
However, this is not the end of the story. So far, we have considered the quiver gauge theory as U(N) k gauge theory for computational simplicity in the matrix integral. In order to compare the index from the gravity computation via AdS-CFT correspondence, we have to remove IR free U(1) k−1 vector multiplets from the theory. 6 The free U(1) vector multiplet contributes to the index as
6 Often these U (1) parts are even anomalous, and cannot survive at the IR.
Since these U(1) parts are decoupled, the subtraction of the index is easily done just by dividing the U(N) index by contributions of the U(1) k−1 vector multiplets. 7 The final expression for the index of the quiver gauge theory for Z k ⊂ SU(3) orbifold is
The index for Z k ⊂ SU(2) orbifold is similarly given by
(2.14)
Comparison with gravity
As discussed in the introduction, since the index is independent of the coupling constant of the quiver gauge theories, we can freely take the large coupling limit. Then according to the AdS-CFT correspondence, we should be able to compute the same index for orbifold quiver gauge theories from the type IIB supergravity on AdS 5 × S 5 /Γ. To do this, we first begin with the single particle index for type IIB supergravity on AdS 5 × S 5 given by the formula [14, 2]
Now the corresponding single particle partition function in the untwisted sector can be obtained by projecting this single particle index onto the Γ invariant subspace [15] . Explicitly, in the Z k ⊂ SU(3) orbifold case with a label (m 1 , m 2 , m 3 ), we obtain
with l i = k/gcd(k, m i ), and ω i denotes k-th root of unity. The total contribution to the index from the untwisted sector is given by the multiparticle contribution of this single particle index:
In particular, when k does not share a common divisor larger than one with any of m i , the index is given by
which is in good agreement with the result from the gauge theory (2.13). In more general situations where k has a common divisor larger than one (including the N = 2 quiver case), we have to supplement the contribution from the twisted sector. For example, in the Z k ⊂ SU(2) orbifold case, the orbifold action has a fixed locus S 1 ⊂ S 5 , and there exist twisted Kaluza-Klein (KK) fields localized in the S 1 , which yield dual states corresponding to the twisted sector.
Let us look at the Z k ⊂ SU(2) orbifold a little bit more in detail. The gauge theory computation for N = 2,Â k−1 quiver theories gives the index
while the supergravity computation in the untwisted sector gives
The difference between the two
is understood as the contribution from k − 1 massless twisted fields on AdS 5 × S 1 . Indeed, one can see that the twisted KK modes corresponding to a massless tensor multiplet yield the corresponding single particle contribution to the index.
9
In a similar way, we expect contributions from the twisted sector in N = 1 quiver gauge theories although there is no fixed point of Z k ⊂ SU(3) action on S 5 . Let m 1 has the greatest common divisor q 1 larger than one with k. Then (X 1 , X 2 , X 3 ) = (1, 0, 0) will return to itself after acting l 1 = k 1 /q 1 applications of Z k action. In this way the corresponding twisted sector has a fixed point and results in massless states. These −3 + i q i massless twisted modes should be included in the computation of the index as is the case with the N = 2 orbifold.
10
While we do not attempt a thorough discussion of the KK reduction of these twisted states, we can study the contribution of these states from the difference of the index discussed above. Comparing the gravity computation in the untwisted sector with the gauge theory computation, we conjecture that the twisted sector contributes to the single particle index as 3.8) or to the corresponding multiparticle index as
Note that the single particle contribution can be interpreted as a contribution (with different weight) from −3 + i q i independent particles as expected. It would be interesting if one could derive the spectrum of the twisted sector from a direct KK compactification.
Conclusion
In this paper, we computed the index for orbifold quiver gauge theories. These theories are connected to the free gauge theories through the exactly marginal deformation (fixed line of SCFT), so the computation of the index can be done in the free gauge theory limit. We compare the results with the gravitational computation from the weakly coupled type IIB supergravity on AdS 5 × S 5 /Γ. When the theory does not have a massless twisted sector, these two approaches completely agree with each other, but in the more general situation, we need to add contributions coming from the twisted sector. We have decomposed the contribution from the twisted sector into independent single particle contributions. In the N = 1 examples, each contribution is not identical, and it would be interesting to see its origin by studying the detailed spectrum of the twisted sector and its KK compactification.
In more general quiver gauge theories, we can consider the type IIB superstring theories on AdS 5 × X where X is a Sasaki-Einstein manifold. In addition to the orbifold of S 5 considered here, there are infinitely many examples of Sasaki-Einstein manifold (T 1,1 [18] , Y p,q [19] , L p,q,r [20] for example), which give a more complicated AdS-CFT correspondence. A crucial difference in this case is that the dual SCFTs are not continuously connected to the free gauge theory through a marginal deformation, where the chiral multiplets obtain nontrivial anomalous dimensions. Thus, it is quite a nontrivial issue whether we can apply the matrix model technique mostly developed for free gauge theories.
Nevertheless, we can compute the index for these theories from the weakly coupled type IIB supergravity. Moreover, we expect there is no nontrivial contribution from the twisted sector (at least in the large N limit) because the Sasaki-Einstein manifold under consideration is smooth. It would be interesting to study the index from the KK spectrum on AdS 5 × X [21, 22, 23] , and gain some insight into the structure of the corresponding quiver gauge theories.
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A Circulant Determinant
The determinant of the circulant matrix is given by x 1 x 2 x 3 . . . x n x n x 1 x 2 . . . x n−1 x n−1 x n x 1 . . . where ω j is the n-th root of unity.
